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Abstract: We study extremal discs for the Kobayashi metric. 
Inspired by work of Lempert on strongly convex domains, we present 
results on strongly pseudoconvex domains. 

We also consider a useful biholomorphic invariant, inspired by 
the Kobayashi (and Caratheodory) metric, and prove several new 
results about biholomorphic equivalence of domains. Some useful 
results about automorphism groups of complex domains are also 
established. 



Introduction 

Throughout this paper, a domain in C" is a connected, open set. UsuaUy our 
domains wiU be bounded. It is frequently convenient to think of a domain fl 
(with smooth boundary) as given by 

{zen-. p{z) < 0}, 

where p is a C'' function and Vp ^ on dfl. We say in this circumstance that 
yO is a defining function for fl. It foUows from the imphcit function theorem 
that d^l is a C'' manifold in a natural sense. See [KRAI] for more on these 
matters. 

Throughout the paper D denotes the unit disc in the complex plane C and 
B denotes the unit ball in complex space C". If fli, ^2 are domains in complex 
space then we let i7i(il2) denote the holomorphic mappings from ^2 to fii. In 
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case is cither D ot B and z G then we sometimes let il^{D) (resp. Cl^{B)) 
denote the elements G n{D) (resp. (p G ^{B)) such that (p{0) = z. 

The infinitesimal Kobayashi metric on fl is defined as follows. Let z G fl 
and ^ G C". Then 

Fjf = inf{a : a > and 3/ G n{D) with /(O) = ^, /'(O) = ^/a} 

The infinitesimal Caratheodory metric is given by 

FS{z,0^ sup |/'(^)^|. 

/e-D(0) 

In these definitions, | | denotes Euclidean length. The definitions of both these 
metrics are motivated by the proof of the Riemann mapping theorem, and by 
the classical Schwarz lemma. Details may be found in [KRAI] and [KRA2]. 

Companion notions are the Kobayashi and Caratheodory volume elements. 
We define these as follows (see also [EIS]). If is a fixed domain and z £ Q 
then set 

Cq{z) = C{z) = sup{|det<^'(2)| :ip:Q^ B,ip{z) = 0} 

and 

/Cn (.) = /C(.) = inf { :^:B^a, ^(0) = .} . 

If if is a candidate mapping for C and ip is a candidate mapping for /C, 
then an examination of (poijj using the Schwarz lemma (see [RUD]) shows that 
C{z) < IC{z) for any z gQ. We set 

We call M the quotient invariant. Of course M{z) > 1 for all z G il. The 
following remarkable lemma of Bun Wong (see [WON]) is useful in the study of 
automorphism groups: 

Lemma 1 Let fifiC" be a bounded domain. If there is a point z G fl so that 
A4{z) = 1 then f2 is biholomorphic to the unit ball B in C". 

We shall not prove this result here, but refer the reader instead to [KRAI]. 
It is worth stating the fundamental result of Bun Wong and Rosay (again see 
[KRAI] for the details) that is proved using Lemma 1. 

Theorem 2 Let ilfiC" be a bounded domain and P G dVL a point of strong 
pseudoconvexity. Fix a point X G and suppose that there are biholomorphic 
mappings ipj : Q —> Q (automorphisms of fl) so that ipj{X) — » P as j — > oo. 
Then il is biholomorphic to the unit ball B in C". 
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This theorem has been quite influential in the development of the theory of 
automorphism groups of smoothly bounded domains. See, for example, [GRKl], 
[ISK], and [GKK]. It is common to call the point P in the theorem a boundary 
orbit accumulation point for the automorphism group action (or "orbit accumu- 
lation point" for short). 

1 The Quotient Invariant 

Here we discuss in detail the invariant of Bun Wong described in Section 0. It 
has far-reaching implications beyond the basic application in the proof of the 
Bun Wong/Rosay theorem. 

Proposition 3 Let fifiC" be a bounded domain. If there is a point P € CI such 
that M{P) = 1 then M{z) = 1 for all z G CI. Obversely, if there is a point 
Pen with M{P) > 1 then M{z) > 1 for all z € CI. 

Proof: If A4{P) = 1 for some P then Bun Wong's original lemma (Lemma 1 
above) shows that Cl = B. Of course is a biholomorphic invariant. And B 
has transitive automorphism group. It follows therefore that Cl has invariant A4 
with value 1 at every point. 

Obversely, if M{P) ^ 1 at some point then, by contrapositive reasoning in 
the last paragraph, it cannot be that Ai equals 1 at any point. 

That completes the proof of the proposition. □ 



Proposition 4 Let fifiC" be a bounded domain. Let P G dCl and suppose that 
dCl is and strongly pseudoconvex near P. Then 

lim M{z) = 1. 

z—yP 

Proof: This follows from the asymptotics of I. Graham for the Caratheodory 
and Kobayashi metrics on such a domain. The main point is that dCl is approx- 
imately a ball near P, so the asymptotic behavior of F^, Fq, JCn, and Cq is the 
same as that on the domain the ball B. □ 

Proposition 5 Let 

£ = {(ZI,Z2, . . . , 0„) e C" : + + . . . + |^^|2m„ < 1} 

be a domain in C", with mi, m2, . . . , m„ positive integers. Often E is called an 
egg or an ellipsoid. If some mj > 1 then E is not biholomorphic to the bah. 

Proof: This result was first proved by S. Webster [WEB] using techniques of 
differential geometry. Later, S. Bell [BEL] gave a very natural proof by showing 
that any biholomorphism of the ball to E must extend smoothly to the boundary, 
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and then noting that the Levi form is a biholomorphic invariant. Here we give 
a proof that uses M. 

For simphcity we shall take n = 2, mi = 1, and m2 > 1. Seeking a contra- 
diction, we let Lp : B ^ E he a. holomorphic mapping that takes to 0. Thus (f 
is a candidate mapping for the calculation of ICq. Now set 



Then one may calculate that (i) Ip still maps B into E and (ii) the first (holo- 
morphic) derivatives of ^ at are the same as the first (holomorphic) derivatives 
of (f at 0. Also (f is linear (since the higher-order terms all average to 0). 

As a result of the last paragraph, we may calculate /C at for E using only 
linear maps. A similar argument applies to maps ip : E ^ B. Of course it is 
obvious that there is no linear equivalence of B and E (the boundaries of the 
two domains have different curvatures, for instance). In particular, A^(0) > 1. 
It follows that M{P) > 1 at all points P of E. Thus E and B are biholomor- 
phically inequivalent. □ 

Proposition 6 Let fif^C" be a bounded domain with boundary. If P € dVt 
is a point of strong pseudoconcavity, let u be the unit outward normal vector 
at P. Set Pe = P- eu. Then Mq{P,) « C ■ e'^/^. 

Proof: It is a result of [KRA3] that the Kobayashi metric F^{P^, u) is of size 
C ■ e~^/^. It is also clear that the Kobayashi metric at P^ in complex tangential 
directions is of size C, where C > is some universal positive constant. Hence 
K, ^ C ■ e~^/^. On the other hand, the Hartogs extension phenomenon gives 
easily that C{P) ~ C. It follows then that A1 « C • e"^/^. □ 

Corollary 7 Let OfiC" he a bounded domain with boundary. If P & dO, is 
a point of strong pseudoconcavity, then P cannot be a boundary orbit accumu- 
lation point. 

Proof: Seeking a contradiction, we suppose that P is a boundary orbit accu- 
mulation point. So there is a point X G and there are automorphisms tpj of 
ft so that iPj{X) — > P. But of course M{X) is some positive constant C that 
exceeds 1. And the invariant Ai{z) blows up like dist{z,dfl)~^^'^ as z ^ P. 
This is impossible. □ 

Remark 8 It is a result of [GRK2] that if is any domain and P € d^l a point 
of non-pseudoconvexity (even in the weak sense of Hartogs) then P cannot be a 
boundary orbit accumulation point. The last Corollary captures a special case 
of this result using the idea of the quotient invariant. 
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Proposition 9 Let flQC"^ be a smoothly hounded domain that is of finite type 
(in the sense of Kohn/D'Angelo/Cathn — see [KRAI]) at every boundary point. 
Let P G dfl. Then 

< Ci < liminf A^(z) < limsup7W(z) < C2 
for some universal, positive constants Ci, C2. 

Proof: This follows from the estimates in [CAT]. □ 



Proposition 10 Let fifiC^ be a smoothly bounded, convex domain of finite 
type. Let P G dfl. Then 

< Ci < liminf < limsupA^(^) < C2 

for some positive constants Ci, C2. 

Proof: Fix a point z S O near P and ^ a tangent direction at z. Certainly any 
mapping (p : D ^ fl, ip{0) = z with (p'{0) = for some A > is a candidate for 
the Kobayashi metric at z in the direction ^, and the reciprocal of its derivative 
gives an upper bound for the Kobayashi metric at that point in that direction. 
In particular, we may take ip to be the obvious linear embedding of the disc D 
into f2 pointing in the direction ^ (with image having diameter S, the distance 
from z to dfl in the direction ^) and with (p{0) = z. 

Thanks to work of McNeal [MCN] , we know that the type of a convex point 
of finite typo can bo measured with the order of contact by complex lines. If, 
after a rotation and translation, wc take P to be the point (1,0) and (1,0) the 
real normal direction, then the complex line of greatest contact will of course be 
( (1; 0- Let that order of contact be 2m for some positive integer m. Then 
it is clear, after shrinking Q if necessary, that an cUipsiod of the form 

E = {{zi, zi) e C2 : + 7^1^21'" < 1} 

will osculate dO. at (1,0) and will contain fJ. So, in particular Fq{z,^ > 
Fq{z,^) for any z €Q and ^ any tangent vector. 

We calculate that, for z = {a, 0) € E, the mappings 



Ci - « 

1 — azi 



(Cl,C2 

and 

(Cl,C2)^ . _ 

1 — azi 

are candidate maps for the Caratheodory metric at the point z. The first 
one gives a favorable lower bound for the Caratheodory metric in the nor- 
mal direction (1,0) at z and the second gives a favorable lower bound for the 
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Carathcodory metric in the tangential direction (0, 1) at z. Of course these are 
also lower bounds for the Caratheodory metric on 

It is easy to see that the given upper bounds for the Kobayashi metric and 
the given lower bounds for the Carathcodory metric are comparable. Since 
Fq < always (see [KRAI]), it follows that w C (a constant) on a 
smoothly bounded, convex domain of finite type in C^. □ 



Remark 11 The elementary comparison of the domains CI and E that we ex- 
ploited in the last proof will not work in higher dimensions. The matter in that 
context is more subtle. 



2 More on the Quotient Invariant 

It is natural to wonder about the role of the ball B in the definition of the 
quotient invariant M . We define /C in terms of mappings from the ball B to the 

given domain Q and we define C in terms of mappings from the given domain 
f2 to the ball B. What if the ball B were to be replaced by some other "model 
domain" ? 

Let B be some fixed, bounded domain in C". Fix a point Pq S B. Let O be 
some other bounded domain, and let z £ Q. Define new invariants 

Cn{z) = C{z) = sup{\detip'{z)\ : ip : Q ^ B,^p{z) = Pq) 

and 

K^iz) = Kiz) = inf :^:B^ 0,^(Po) = .} 

and a new quotient invariant 

Ma{P) = M{P) = 5^ . 

Ca{P) 

Now we have 

Proposition 12 Let CI be any given bounded domain in C". Suppose that 
there is a point P G Q, such that M.n{P) = 1. Then fl is biholomorphic to the 
model domain B. 

Proof: The argument is just the same as in the classical case of B = B, the 
unit ball of C". See [KRAI. Ch. 11]. It is a relatively straightforward normal 
families argument. We shall not repeat the details. □ 

It is no longer the case in general (sec oiu- Proposition 3) that Ai equals 1 
at one point if and only if A4 equals 1 at all points — unless the model domain 
B has transitive automorphism group. See more on this point in what follows. 
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Now of course one of the great elassical applieations of Proposition 11, when 
B is the unit ball B, is to prove the Bun Wong/Rosay theorem (our Theorem 2 
above). One might now ask whether a similar sort of result could be proved with 
the new quotient invariant A4. The answer is that the proof requires that the 
model domain have transitive automorphism group (see the details in [KRAI, 
Ch. 11]). 

Thus we may only consider models B chosen from among the bounded sym- 
metric domains of Cartan (see [HEL]). Let us concentrate here on the case when 
B is the unit polydisc. The following result is similar to one proved in [KIM]: 

Theorem 13 Let ilfiC^ be a smoothly bounded, convex domain. Let P € SfJ 
and assume that dil in a neighborhood U of P coincides with a real hyperplane 
in C". In suitable local coordinates we may say that 

dnnU = {zeU :Rezi=0}. (f) 

If P is a boundary orbit accumulation point for fl then fl is biholomorphic to 
the bidisc. 

Sketch of Proof: The key fact in the proof of this result when P is a strongly 
pseudoconvex point (our Theorem 3) is that the geometry localizes at P. This 
means that ii X G CI and (pj are automorphisms of O such that <Pj{X) — > P 
the ;n '^j converges uniformly on any compact set K to P. 

Such is not the case in our present situation. But the automorphisms (pj and 
the point X still exist (by a classical lemma of H. Cartan [NAR]). As indicated 
in line (f), assume that the real normal direction at P is the Rczi direction. If 
KSiCl is any compact set then we may compose tpj for j large with a dilation in 
the tangential directions Z2,zs, . . . ,Zn to localize the geometry near P, just as 
in the classical case. The rest of the proof goes through as in the classical case 
described in [KRAI] . Instead of localizing to an image of the ball, one localizes 
to a bidisc. □ 



Remark 14 In [KIM], K.-T. Kim uses the method of scaling to obtain his 

result. This is a powerful technique that has wide applicability in this subject 
(see [GKK], for instance). The argument that we sketch here is similar in spirit 
to scaling. 

Perhaps another point worth considering is stability results for the quotient 
invariant A4 (i.e., the original invariant modeled on the unit ball B). We have 
the following result: 

Theorem 15 Let CI, J7j6C" be bounded domains with boundary and sup- 
pose that Clj — » CI in the topology on domains (see [GRK3], [GRK4] for this 
concept). Then 

uniformly on compact subsets of Cl as j ^ oo. 
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Proof: Simply use the Caratheodory and Kobayashi stability results estab- 
lished in [GRK5]. □ 



3 Extremal Discs and Chains for the Kobayashi 
Metric 

In the remarkable paper [LEM], L. Lempert shows that, on a convex domain 
the integrated Kobayashi distance on O may be calculated using a 
Kobayashi chain of length one disc (see [KOB]. [KRAI] for the concept of 
Kobayashi chain). This is done as a prelude to developing his profound the- 
ory of extremal discs on strongly convex domains. 

Lempert comments that such a result is not true for general pseudoconvex 
domains, and he provides the following example: 

EXAMPLE 1 Let 

Oe = {{z,w) e : \z\ < 2, \w\ < 2, \zw\ < e} . 

Let P = (1,0) G fie and Q = (0, 1) G fic- Then the Kobayashi one-disc distance 
of P to Q tends to infinity as e — > 0+. Just to be perfectly clear, we note that 
the one-disc Kobayashi distance of two points P and Q in a domain Q is defined 
to be 

d(P, Q) = inf{p((/?(a), (p{b)) : (p : D ^ fl,(f holomorphic, (p{a) = P, ip{b) = Q} , 

where p is the classical Poincare metric on the disc D. 

Lempert's reasoning in this example (private communication) is as follows: 
Suppose not. Then there are mappings : D — > with ip^{a^) = P and 
iPe{be) = Q and p{ae,be) bounded above as e ^ 0+. Thus we have that a^, &e 
remain in a compact subset K of D. Passing to a normal limit (with Montel's 
theorem), we find a holomorphic fimction ipQ : D ^ {{z,w) : \z\ < 2,\w\ < 
2, |z • wl = 1} and points ao,6o £ K such that ipo{ao) = P, ipoipo) = Q. Of 
course this is impossible, since it must be that either the image of ipo lies in 
{(z, w) : z = 0} or in {(z, w) : w = 0}. 

It is useful, and instructive, to have a more constructive means of seeing that 
this example works. We thank John E. McCarthy for the following argument. 

Take 

holomorphic. We assume that 

• ^(0) = (1,0); 

• ^(r) = (0,l). 
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Wc shall show constructively that, as e ^ 0+, it must follow that r — > 1~. This 
is equivalent to what is claimed for the domains fie- 

Now use the inner-outer factorization for holomorphic functions on the disc 

(sec, for example [HOF]) to write /i = Fi ■ Ii and /2 = F2 ■ h- Here each Fj is 
outer and each Ij is inner. Since |/i • /2I < e, we may be sure that 

|i^i-i^2|<e. (*) 

Now certainly 

|Fi(0)| > |/i(0)| = 1 

and hence 

1^2(0)1 <e. 

Certainly log +log IF2I is harmonic, and by line (*), is is majorized by loge. 
Let h denote the harmonic function log \F2\. We can be sure that 

(1) /i<log2; 

(2) /i(0) <loge; 

(3) h{r) > 0. 

Let /i+ be the positive part of h and h~ the negative part. Of course /i+ > 
and h~ > 0. Then the mean-value property for harmonic functions tells us that 

— h+{e'^)de / /i-(e*'')d6' = /i(0) <loge 

27r Jo 2-K Jo 

hence ^ ^ 

^ / " h-{e"^) de>^ r h+{e'^) d9 + log i . (**) 
In Jo M Jo e 

Let Pr{e^^) denote the Poisson kernel for the unit disc D. Then 

2tt 



h{r) = / h{e''')Pr{e''')de. 



But Harnack's inequalities tell us that 

1 + r- ''^ 1-r 
As a result, using (3) above, 

/•27r 1 ». 1 /'27r 



0<h(r)<^^-— h+{e''^)de -■— h-(e'^)d9. (***) 

- ^ ' - 1-r 2n Jo ^ ' 1 + r 2nJo ^ ^ ^ ^ 

We conclude that 



0<h(r)<-—-\og2-- — / h-{e'U9. 

- ^ ' - 1-r ^ 1 + r 2-K Jo ^ 
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Therefore 

— / h-{e'^)de + \oge 



1-r 

where we have use (**) in the last inequahty. Now certainly 
log^ < |/i(0)| 



< ^ / h-{e'^)dB + \oge 



1 



As e ^ 0+, this last inequality can only be true if r 1~ . That is what we 
wished to prove. 



There has been some interest, since Lempert's paper, in developing an anal- 
ogous theory on strongly pscudoconvcx domains. N. Sibony [SIB] has shown 
that certain aspects of such a program are impossible. 

It is natural to reason as follows: 

• Near the boundary of a strongly pseudoconvex domain, the domain is well 
approximated by the biholomorphic image of B, the unit ball. It is easy 
to verify directly (or by invoking Lempert) that Kobayashi distance on 
the ball can be realized with Kobayashi chains of length 1. 

• In the interior of the domain — away from the boundary — things should 
be trivial. After all, if O is strongly pseudoconvex and P G is in the 
interior — away from the boundary — then the infinitesimal Kobayashi met- 
ric F^(P, ^) for one EucHdean unit vector ^ ought to be roughly the same 
as the infinitesimal Kobayashi metric F^{P,^') for any other Euclidean 
unit vector Also the Kobayashi metric on a compact subset K oi ^ 
is comparable to the Euclidean metric. So one should be able to check 
directly that chains in the interior behave like chains for the Euclidean 
metric. 
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Unfortunately the expectation enunciated in the second buUeted item above 
is not true. 

EXAMPLE 2 Let > be a large positive integer and set 
Bn = {{zi, Z2) e : + |z2/7Vp < 1} . 
Of course is biholomorphic to the unit ball B via the biholomorphism 

^■.B — > Bn 

(zi,Z2) I > {ZI,NZ2). 

And one calculates readily, using the mapping ^, that 

F^«((0,0),(1,0)) = 1 

while 

i^^- ((0,0), (0,1)) = AT. 

So the two different infinitesimal Kobayashi metric measurements at the base 
point = (0, 0) — in two different Euclidean unit directions — are very different. 

Interestingly, the following contrasting result is true for the Caratheodory 

metric: 

Proposition 16 Let Q, he a fixed, bounded domain in C". Let KQfl be a fixed 
compact subset. There is a positive constant Co so that, if P G K and , ^2 
are Euchdean unit vectors then 

\\fS{P,^i)-FS{P,^2)\\<Co. 
Proof: Let r > be a small number. Let 7 be a function that satisfies: 

(a) 7 is radial. 

(b) 7 is supported in the Euclidean ball with center at P and radius r. 

(c) 7 is identically equal to 1 on the Euclidean ball with center at P and 

radiuis r/2. 

Now let /X be a unitary rotation of C" that takes ^1 to ^2 • Fix a point P G K 
and vectors ^1 , ^2 as in the statement of the proposition. Let ip be an element 
of {0,,D) with V(-P) = and V'(-P) a positive, real multiple of (, — say that 

^P'{P) = kC Set 

Hz) = liz) ■ [V- o t^'\z)] + [1 - 7(z)] • V(^) + h{z) . (*) 

Of course ip will not be a priori holomorphic — because we have constructed the 
functionjising cutoff functions — but we hope to use the d problem to select h 
so that tp will be holomorphic. 

Applying the d operator to both sides of equation (*), we find that 

dh = —d'y ■ [ip o + dj -tp . 

Now it is essential to notice these properties: 
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• \dj\ is of size ~ l/r; 

• il>{P) = 0, so that, on the support of d-y, \tl)\ of size r; 

• dh is supported on the ball with center P and radius r; 

• dh is 9-closed. 

We see therefore that dh is of size (in Landau's notation) and supported 
in a Euclidean ball of radius r. Hence h has norm on any one-dimensional 
complex slice of space not exceeding C • [r^ • 1]^/^ = C ■ r^l'^ . 
Now we may solve the equation du = h using the solution 

h{z) = -- / / "^•^"^'■■■■"^•-^'^'"^^^'■■■'""^ dAiO . 

J J Zj 

Here dh = T\dzi -\-T2<tz2- [See [KRAI, p. 16] for a discussion of this idea.] Then 
we see that 



< \\Tj{Zi,...,Zj-i, ■ ,Zj+i,...,Zn)\\L3 



1 



1,3/2 



In summary, h is small in uniform norm if r is small, and we may choose r in 
advance to be as small as we please. 

Now what is more essential for our purposes is that we may likewise estimate 
the size of ||V/i||sup- For we may write 



and hence 



^h{z) = -- f f Zj,Zj+i,...,Zn) ^^^^^ 



TT _ 

But now it is essential to notice that 

• |V97| is of size r~'^; 

• Vtjj is of size 0{1). 

It follows then that Vdh is of size and is still supported on a Euclidean 
ball of radius r. Thus we may estimate (J) again using Holder's inequality. The 
result is that ||V/i||sup < C ■ r^l^. 

Wo conclude that the corrected candidate function is, near P uniformly 
closed to being just a rotation of ip. We also see that 

V^'(P) = V'(P) o M + h!{P) . 

Thus is as close as we like to equalling Now taking a normal limit 

(again using Montel's theorem) as r ^ 0+ yields a function ipo ■ ^ ^ B with 
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ipo{P) = and V'o(^) = ' C ■ So wc find a candidate for the Carathcodory 
metric at P in the direction ^' that is comparable to the original candidate tp 
in the direction ^. □ 



We would like to explore here the nature of Kobayashi chains on a strongly 
pseudoconvex domain. In principle, the Kobayashi chains on a given domain O 
could have any number of discs. We shall prove, however, that on a strongly 
pseudoconvex domain there is an a priori upper bound for the length of chains. 
This result may be thought of as a prelude to the development of a Lempert-type 
theory on strongly pseudoconvex domains. 

Proposition 17 LetOfiC" be a strongly pseudoconvex domain with C"^ bound- 
ary. Let f : D ^ D, and g : D ^ D, be holomorphic mappings of the disc into 
Q. We assume that sup^g^, IfiiC) — ^2{C)\ < S for some small S > 0. Further, 
following Lempert's notation [LEM, pp. 430-431], we let (,cu,ui' G D satisfy 

f{C)=z, f{uj) = g{uj') =w , g{a) = s. 

Then there is a holomorphic mapping 

with h{Q = z, h{a) = s. It follows then that, in the calculation of the Kobayashi 
metric using chains, we may replace the two discs f, g with the single disc h. 

Proof: By the Forna^ss imbedding theorem, there is a strongly convc;x domain 
Q' with boundary, Q'fiC^ with A'^ > > n in general, and a proper holomor- 
phic imbedding 

Wc refer the reader to [FOR] for the details of the domain and the mapping. 
Let QQQ' be the image of under the mapping <I>. According to the Docquier- 
Grauert theorem ([ROS], [DOG]), there is a neighborhood J7 of O and a holo- 
morphic retraction n : U —>■ fl. 

Of course and ^{g{D)) both lie in fl. We may apply Lempert's 

Theorem 1 to obtain a convex combination X{() of ^{f{D)) and ^{g{D)). Now 
we may not conclude that the image of A lies in Cl. But it certainly lies in the 
strongly convex domain fl' . And, if S is sufficiently small, then we know that 
the image of A lies in U. Thus we may consider the analytic disc A = tt o A, 
whose image does lies in Cl'. Now makes sense on fl', so we may define 

=$-ioA. 

Tracing through the logic shows that this h is the one that we seek. □ 
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Theorem 18 Let fifiC" be a strongly pscudoconvcx domain with C"^ boundary. 
Then there is an e > and an a priori constant K = K(p) so that if P,Q Gil 
then there is a Kobayashi chain with elements ipi, . . . ,ipk so that the integrated 
Kobayashi distance of P to Q is within e of the length given by the Kobayashi 
chain. 

Proof: Since Q is a bounded domain, it is contained in a large Euclidean ball. 
By elementary comparisons, (see [KRAI]), we know that the Kobayashi metric 
in CI is not less than the Kobayashi metric in the ball. In particular, we get an 
a priori upper bound on derivatives of extremal discs for the Kobayashi metric 
in f2. As a result, there is an ry > and a finite net of points VQfl so that 

(i) Every point of CI is Euclidean distance not more than rj from some point 
of 

(ii) There is an a priori integer M > so that ii '■ D Ct is a, Kobayashi 
extremal disc then there is a collection of elements of at most M points 
in ■p so that every point in the image ip{D) is Euclidean distance at most 
ri from some point of Q^. More importantly, there is a finite net of points 
JCif, in the disc D of cardinality at most M so that every element of 
is the approximate image (within distance rj) under tp of some element of 
IC^ (in fact one can conveniently take K,^ to be a net in the disc D that 
has unit distance rj' , for some small rj' > 0, in the Poincare metric). Thus 
we associate to tp the set Q^"* . 

Of course there are only finitely many possible sets IC^,Q^ (indeed 2^ is an 
upper boimd on the cardinality of {Q^}, and there is a similar upper bound 

2M £qj. ^YiQ {/C^}). If T is a Kobayashi chain in CI with more than 2^ discs, 
then two of those discs will share the same K.^ and Q^. As a result, if r/ and 
77' are fixed small enough (depending on 5 in the last proposition), then the 
two corresponding extremal discs in the chain will be close enough that the last 
proposition applies. And those two discs may be replaced by a single disc. 

This shows that our a priori constant K exists and does not exceed 2*^ 

□ 



4 Concluding Remarks 

In the past forty years or more, the Caratheodory and Kobayashi metric con- 
structions have proved to be powerful tools in both geometry and function 
theory. Their role in the study of automorphism group is more recent, but is 
equally significant. We trust that the contributions of this paper will point in 
some new directions in the subject. What lies in the future can only be a topic 
for omphaloskepsis. 
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